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BUCKLING OF A LONG CYLINDRICAL SHELL
SURROUNDED BY AN ELASTIC MEDIUM

MICHAEL J. FORRESTAL* and GEORGE HERRMANN

The Technological Institute, Northwestern University, Evanston, Illinois

Abstract-A long, thin, circular, cylindrical shell is subjected to uniform external pressure exerted by a
surrounding elastic medium. The stability of equilibrium of the shell is examined by considering possible
neighboring equilibrium states. The loading exerted by the elastic medium on the shell in the deformed state
is found by solving an associated boundary value problem of the linearized theory of elasticity in the presence
of initial stress. Expressions are derived which give the critical pressure for the cases of a bonded and a smooth
interface.
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shell radius
shell flexural modulus
Young's modulus for the shell
unit elongation of a line element originally in the j-direction
Young's modulus of the elastic medium
shell compressional modulus
tangential and radial components of boundary traction taken in the undeformed
position per unit original area
circumferential and radial components of the change due to deformation of the shell
surface tractions per unit original area
circumferential and radial components of the change due to deformation of the initial
uniform pressure on the shell surface
additional shear and normal components of stress at the shell medium interface induced
by the shell displacements
dimensionless parameters defined by equation (13)
shell thickness
parameter defined by equation (25)
unit vectors tangent to the undeformed coordinate lines
unit vectors tangent to the deformed coordinate lines
buckling mode number
critical pressure of a long, thin, circular, cylindrical shell surrounded by a uniformly
compressed elastic medium
critical pressures of long, thin, circular, cylindrical shells subjected to uniform constant
directional and uniform hydrostatic pressures, respectively
cylindrical coordinates
tangential and radial displacement components in the elastic medium
tangential and radial displacement components of the middle surface of the shell
measured positive clockwise and radially outward, respectively
dilatation in the linear theory of elasticity
Kronecker's delta
the Lame elastic constants
Poisson's ratio for the shell
Poisson's ratio for the elastic medium
Trefftz components of stress
additional stresses in the elastic medium induced by the shell displacements
components of stress per unit original area shown in Fig. 2
rotation in the linear theory of elasticity
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1. INTRODUCTION

STABILITY of equilibrium of a long cylindrical shell, which is uniformly compressed by
a surrounding elastic medium, is examined by considering possible adjacent equilibrium
states. The buckling load is then defined as the smallest load that admits a non-axially
symmetric neighboring equilibrium configuration for a cylindrical shell, which initially
has a perfectly circular cross-section. The initial equilibrium state is defined by the
middle surface coordinate, r = a, and a uniform lateral surface pressure p. Since the
displacements associated with the initial surface pressure are negligible in most applica
tions, e.g. see [1], the position of initial equilibrium will also be called the undeformed
position. The adjacent equilibrium state will be called the position of final equilibrium
or the deformed position.

It is assumed that the medium is initially in equilibrium under an isotropic, homoge
neous state of stress given by the pressure p. However, if p is the critical pressure, an
adjacent equilibrium position exists and is defined by the tangential and radial middle
surface shell displacements. Because the shell and the medium are in contact, the shell
displacements induce additional surface tractions and produce changes in the initial
surface pressure at the shell-medium interface. The resulting distributed force system on
the shell surface in its deformed position is determined from the linearized theory for an
elastic body under initial stress. These surface tractions are then related to the shell
displacements, and the equations presented by Armenakas and Herrmann [2] are used
to derive an expression for the critical pressure. This expression contains the elastic
material constants of the shell and medium, the radius to thickness ratio of the shell,
and the buckling mode number. In applying the buckling formula to determine the
critical pressure, the mode number associated with the minimum pressure must be
determined.

It is convenient in later Sections to refer to the two well-known related buckling
problems oflong cylindrical shells subjected to uniform hydrostatic and uniform constant
directional pressures. Although these loadings are the same for the shell in its undeformed
position, they differ in the deformed position, e.g. see [3~ For the hydrostatic pressure,
the direction of a surface traction on a deformed shell element is normal to the shell and
its magnitude changes in proportion to the area change produced by deformation;
whereas, for the constant-directional pressure, both the direction and magnitude per
unit original surface area remain unchanged. The load which buckles a shell with Young's
modulus E, Poisson's ratio v, and radius to thickness ratio a/h is

and

1 E (h)3
Po = 4: (1 v2)-a for hydrostatic pressure

for constant-directional pressure.

In both these examples the shell buckles in an inextensional mode; hence, the differences
in the buckling loads result only from the change in the direction of the surface tractions
for the case of the hydrostatic pressure.
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FIG. I. Circular cylindrical shell surrounded by elastic medium.
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Several limiting cases of the present problem are compared with the critical pressure
of a shell loaded by hydrostatic and constant-directional pressures, and results of a more
practical nature are presented for a range of shell and medium parameters.

2. SHELL EQUILIBRIUM EQUATIONS

Several linearized theories of motion for elastic, circular, cylindrical shells subjected
to a general state of initial stress have been advanced by Herrmann and Armenakas [4].
In Ref. [2] these equations were applied to study the effect of several particular states of
initial stress on the dynamic response of an infinitely long shell, i.e. the motion was
independent of the axial coordinate. For a thin shell of radius a and thickness h, subjected
to an initial state of uniform lateral pressure p, the equations in [21 for equilibrium,
reduce to

02V ow 2
(Ep-pa) olF +pav+(Ep-2pa) of) +a Me = 0,

ov (02W) D ( 02W 84W) 2 ha 8
(Ep-2pa) 8f)+Epw- pa\.w- 8f)2 +a2 \w+2 0fJ2 + 8f)4 -a AFr - 2 8iMe) = 0,

where Ep is the shell compressional modulus, D is the shell flexural modulus, and v, w
are the circumferential and radial middle surface displacements, measured positive
clockwise and radially outward, respectively. The terms AFe, AFr are the circumferential
and radial components of the change due to deformation of the shell surface tractions,
taken per unit undeformed middle surface area In the notation of Ref. [4]

AFe = MJ+F;'

AFr = AF; + F~.

The changes AFJ, AF; are those related to the initial pressure, and F;, F~ are the additional
shear and normal components of stress at the interface directly induced by the shell
displacements.
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(2a)

(2b)

For the problems discussed in (2] and [3] changes in the shell surface tractions were
specified. In the present problem the values of A.FIJ> A.Fr are unknown a priori and must
be determined by solving an appropriate boundary value problem for the surrounding
elastic medium. Thus, A.Fe, A.Fr will depend on the conditions at the shell-medium
interface and the elastic constants of the surrounding medium.

3. EQUATIONS OF THE ELASTIC MEDIUM

The linearized equations for an elastic medium in the presence of initial stress are
developed from the nonlinear theory of elasticity. Equilibrium equations and boundary
conditions for the nonlinear theory, referred to a cylindrical coordinate system, can be
obtained from the principle of virtual displacements, as was done by Novozhilov [5]
with reference to a Cartesian system. For a state of plane strain the stress equilibrium
equations are

(, OUr 02Ur) O(Y" ( OUr) (ur 2 OUe 1 02Ur)
(Yrr \1 +ar+ra;- +~\+rar -(Yee 1+r+; oe -; oe2

o(Yee(! OUr _ Ue) 2 (02 Ur _ OUe) OUre (OUr _ )
+ 00 r oe r + (Yre oroe or + or oe Ue

O(Yre(1 OUr) = 0
+ 00 + or '

(
Oue 02ue) O(1rr oUr (102Ue 2 OUr Ue)

Urr ar+ r or2 +~rar+(1ee; 002+; oO-r

00'66 (1 Ur laue) 2 (lOUr 02ue ) O(1re OUe
+ 00 +r+; oe + (Yre +ar+oroO + 00 ar

OUre ( OUe)
+~\+Ur+ae = 0,

where Ue, Ur are the displacement components and (Yij are the Trefftz components of
stress, which form a symmetric tensor. The physical significance of the Trefftz components
of stress becomes apparent by considering a deformed elastic element, such as that
shown in Fig. 2(b). If the force vector acting on the surface of a deformed element is
resolved into non-orthogonal components parallel to the unit vectors k~, k~, the stress
components tij are defined as these force components divided by the face area before
deformation. The Trefftz components of stress are then related to the matrix 'ij by

~(Iij
I+E j

where Ej is the unit elongation of a line element originally in the j-direction.
The components of traction on the surface r = a, J" fe, taken parallel to the unit

vectors k" ke (see Fig. (2(a» and per unit undeformed surface area, are related to the
Trefftz components of stress by

J, = (1+ ~U;)(Yrr+~(~~ -Ue)ure atr = a, (3a)
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FIG. 2.

at r = a. (3b)

(4a)

(4b)

Equations (2) and (3) can now be used to establish a set of linearized equations for
an elastic body under high initial stresses subject to small additional disturbances.
It is first assumed that the general deformed configuration is reached from an unstressed
and unstrained state by passing through an intermediate equilibrium state, the state of
initial stress. For application to the present problem it is specified that the elastic medium
is in initial equilibrium under an isotropic, homogeneous state of stress given by the
pressure p. The deformations associated with the initial pressure p are then neglected,
and the medium is allowed to reach its final equilibrium position by assuming small
deviations from the position of initial equilibrium. This final equilibrium state is defined
by the additional displacements u" U9 , which produce small strains and rotations, and the
stresses (Tij = -Pt5ij +ali' The linearized equilibrium equations are obtained by sub
stituting (Tij = - pt5ij +ali into equations (2) and neglecting all products of the additional
stresses ali and displacement gradients, but retaining all products of the initial pressure p
and displacement gradients. Thus, the linearized equilibrium equations are

ot:t:,+! 0(T~9+(T~,-(T:8 p(02U,+! ou,_ u,_~ OU9+~ 02U,) = 0
or r 00 r or2 r or r 2 r 2 Of) r 2 002 '

1 0(T:8 2 a O(TrlJ (02U8 1 OU8 Ue 2 OUr 1 02ue)_
-;: 00 +-;:(T,8+a;:--P or2 +-;: a;:-- r2+ r 2 ae+;J. 002 - O.

(5a)

Since the additional strains and rotations are small as compared to unity, it is assumed
that the differences between the initial and final stresses are related to the additional
strains in accordance with Hooke's law for an isotropic, elastic solid. Guided by the
work of Biot [6], the differences between the initial pressure and the Trefftz components
of stress (Tii are taken to be proportional to the additional strains, i.e. alj are taken pro
portional to the additional strains. Then, using the stress-displacement relations for
small strains and rotations, e.g. see [7], the linearized equilibrium equations in terms of
displacements may be written in the form

o~ low
(A+2J.L-p) or -2(J.L-p)-;: 00 = 0,
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1 0!'J. ow
(A+2J.l-p)- -+2(J.l-p)- = 0,

r 00 or
(5b)

(6a)at r = a,

where A, J.l are the Lame constants, !'J. is the dilatation, and w is the rotation. Thus, the
initial pressure P merely has the effect of modifying the elastic constants; this is also
pointed out in [8]. Furthermore, since p is usually much less than the values of A, J.l, the
equilibrium equations governing the classical linear theory of elasticity may be employed
to calculate the additional stresses and displacements.

The linearized tractions on the surface, r = a, are

fr = - (1+ ~r) p+u~r

at r = a.

Since !'J.Fe and !'J.F r are defined as the circumferential and radial components of the
change due to deformation of the shell surface tractions, taken per unit undeformed
surface area, these components are

!'J.Fe =
oUe at r = a, (7a)-a;:P+~e

!'J.Fr =
OUr

(7b)-a;:P+~r at r = a.

As will be shown, the changes !'J.Fe, !'J.Fr can be related to the middle surface shell dis
placements, and the shell equilibrium equations (1) can then be used to formulate the
buckling condition.

4. SHELL SURFACE TRACTIONS AT A BONDED INTERFACE

It has been shown in the previous Section that for the case of an elastic body subject
to an initial state of isotropic, homogeneous stress, the linear theory of elasticity may
be employed to determine the additional stresses and displacements. The shell is assumed
bonded to the elastic medium and the middle surface shell displacements are taken as

v = V sin nO,

w = WcosnO.

Then the boundary conditions for the medium are

Ue = V sin nO +nh W sin nO
2a

at r = a,

(8a)

(8b)

(9a)

Ur = Wcos nO at r = a, (9b)

where the second term in equation (9a) represents the tangential displacement at the
outer surface of the shell due to the rotation of the shell elements. Values of u~" u~e and
our/or, oue/or at r = a are now calculated from the field equations of classical elasticity
for plane strain and the boundary conditions given by equations (9).
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Following the procedure outlined in [9], the stress function

¢ = (C1r-n+C2r-n+2)cosnB n ~ 2,
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(10)

where Cl' C2 are arbitrary constants, yields the following additional stresses and deriva
tives of the displacements at r = a

a':. = _ Em cos nB{[2n(1-Vm)+(1-2vm)lw+[n(I-2Vm)+2(I-Vm)](V+ nhW)}' (lla)
rr a(1 + Vm) 3- 4vm J 3- 4vm 2a

OUr = _ cosnB{[2n(1-2Vm)+ IJ W+[n+2(1-2Vm)](V +nhw)} ,
or a 3-4vm 3-4vm 2a

OUo _ sinnB{[ n-4(I-Vm)] [4n(I-Vm)-I]( nh)}-- --- - W+ V+-W .or a 3-4vm 3-4vm 2a

It is now convenient to define the following dimensionless quantities

(12a)

(12b)

H = 2n(1-vm)+(1-2vm)
(1 + vm)(3 -4vm) ,

L = n-4(I-vm)
3-4vm '

R = _2n---'.(_I-_2v...:.:-m:-)+_1
3-4vm '

G = n(1- 2vm)+ 2(1- vm)

(1+vm)(3-4v
m

) ,

M = 4n(l-vm)-1
3-4vm '

s = n+2(1-2vm).
3-4vm

(13)

Equations (7) then become

L\Fo = {~[-LW+M(V+;:W)J- ~m[GW+H~+;:W)J} sinnB, (14a)

L\Fr = {~[RW+S(V+;:w)J - ~m~w+G(V+;:w)J} cosnB. (14b)

Equations (14) give the changes of the surface tractions due to deformation in terms of the
shell displacements, and the material constants of the medium.

5. STABILITY CONDITION FOR A BONDED INTERFACE

A formula for the critical pressure p can now be obtained from the shell equilibrium
equations (1) and the expressions for L\Fo, L\Fr calculated from the linearized theory of
elasticity. Substitution of equations (8) and (14) into equation (1) yields

{
2
E

p Em P 2 } {nEp Em~ nh) p( nh)}V n Z+-H--(n +1+M) +W -2+- G+-H -- 2n-L+-M = 0,a a a a a 2a a 2a
(15a)
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{
nEp Em ( hn) P ( nh)} {Ep 2 2 DV -+- G+-H -- 2n+S+-M +W -+(n -1) -
a2 a 2a a 2a a2 a4

+ ~; [H(l +~2a~2)+ n~G]_~[n2+ 1+R+ ;:(S-L)+(;:YM~} O. (lSb)

Equations (15) are linear homogeneous expressions, and the determinant of the coefficients
of V, W must vanish for a nontrivial solution. Thus,

(L)2{(n2 1)2+(n2+ 1)(R+M)+MR+LS+2n(L-S)+ nh[(n2+ 1)(S-L)-4nM]
h ~

+(n
2+l{;:JM} (:J{4(*Y[(n

2
-1)2+ n2R + n(L-S)+M

nhf. n3h ),1 (n2_1)2 E (a)3
+2a\n2(S-L)-2nM+2;M J+ 3 (n2+1+M)+4 ;(l-v2

) Ii

x [H[2(n2+ l)+M +R]-G[4n+S-L]+ ;:(n2+ l)(;:H+2G)~}

{
4(a)2 2 2 2 4 Em 2 (a)3 2 2+ "3 h n (n -1) +"3E(l-v) Ii H(n -1)

+ 16~(1-V2)(*Y ~(n2+ 1)-2nF + ;:(n;:H +2n2G-2nH)]

+[4~(1-V2)aYT(H2-F2)}=O n~2, (16)

where Po is the buckling pressure of a long cylindrical shell subjected to a uniform hydro
static pressure and is given by

E (h)3
Po = 4(1- v2 ) a . (l7)

If the values of the nondimensional constants are substituted into equation (16), the
formula becomes

(~)2{n(n+ 1)(n2 -1)+ :h[n2+ 1+(~(n2+ 1)-2n) (4n(~_::~-1)]}

_(L){4(~)2f(n2_1)2_2n+ n
2
-1 +2n

3
(1- 2vm)+4n(1-vm)+ n

3
h

Po h ~ 3-4vm a

_ n
2
h (2 _ n

2
h)(4n(1- Vm)-1)11 + (n

2
- W(n2 + 1+ 4n(l- Vm)-l)

2a 2a \ 3-4vm J 3 \: 3-4vm

+ 8Em(l_V2)(~)3(n2 _1)(2(n+ 1)(1 Vm)-(1-2Vm))
E h (1 +vm)(3 -4vm)

+4Em(l_V2)(~)3nh(n2 + 1)[nh(2n(l-Vm)+(l-2Vm))+ 2n(1- 2Vm)+4(l-vmll}
E h 2a 2a\ (1+vm)(3-4vm) (l+vm)(3-4vm) J
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+{~(~)2 »2(»2 _W+~(Em)(I_ V2)(~)\n2 _1)2(2n(I-Vm)+(l-2Vm))
3 h 3 E h (l+vm)(3-4vm)

+ 16 Em(l_ V2)(~)5(n2_1)(2n(l- vm)-(I- 2vm)+n
2
h/a(1- 2vm)'\

E h (1 +vm)(3-4vJ )

+ 16 Em(l_ V2)(~)5(n2h)2(2n(l-vm)+(1- 2Vm))
E h 2a (1 +vm)(3 - 4vm)

+[4;(I-V2)(*YJ(1+V:;2~~4Vm)}= 0 n ~ 2. (18)

Substitution of a practical range of values into equation (18) indicates that one root of
the quadratic equation is much smaller than the other. Then the smaller root may be
obtained with sufficient accuracy by neglecting the quadratic term in equation (18). A
further simplification is achieved by noting that throughout a practical range of para
meters several terms are so small as to be negligible in applications. A simple yet accurate
expression for obtaining the critical pressure of a shell surrounded by an elastic medium
is given by (n ~ 2)

[n2(n 2-IJ(3 -4v )113 +4Em(~)3(1- v
2
)f2n(l- v )+(1-2v )(n

2
h _1),1

P m E h (l+Vm)L m ma J
Po = (n2-1)(3-4vm)+2n(1-2vm)+ 1 (19)

The critical pressure is seen to depend on the mode number n, and in each application
the mode number n associated with the minimum value of p/Po must be determined.

It was assumed in the analysis that the shell buckled elastically. To ensure that the
yield stress of the shell material has not been exceeded, the hoop stress corresponding
to the buckling pressure must be calculated.

It has been shown that the changes due to deformation of the initial surface pressure
dF~, dF~ depend on the material constants Vm and the mode number n, e.g. see equations
(7) and (12). It is of interest to calculate the critical pressure of the mode, n = 2, when
the additional stresses rr:, and rrri; are neglected, and then compare these results with the
critical pressures corresponding to constant-directional and hydrostatic loadings. Since
Po is the buckling pressure of a long cylindrical shell due to hydrostatic pressure

and

= 1
Po

for hydrostatic pressure

for constant-directional pressure.
P 4
Po =:3

As pointed out in the Introduction, the change in direction of the surface loads for the
hydrostatic pressure gives rise to the difference of these critical pressures. These examples
are now compared with some limiting cases of the present problem.

By letting Em approach zero and setting n = 2, equation (19) gives

L= 1
Po

for Vm = 0-5
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and

P 6
Po 7

for Vm = 0.

6. APPROXIMATE STABILITY CONDITION FOR A SMOOTH INTERFACE

For the bonded case the same material elements at the shell-medium interface, which
are in contact before deformation, remain in contact after deformation. Thus, changes
in the shell surface tractions due to deformation could be directly related to the shell
displacements. If, however, the shell-medium interface is smooth, i.e. shear stresses
between the shell and the medium are absent, points at the interface are permitted to
move relative to each other, and the changes in the shell surface tractions cannot be
directly related to the shell displacements. This is a consequence of the linearized theory
of elasticity which differentiates between the geometry of an element in the medium before
and after deformation.

A solution to the problem with a smooth interface using the linearized theory to
represent the medium appears to be complicated and will be approximated by the
classical linear theory of elasticity. This theory does not account for the change due to
deformation of the initial surface pressure. Thus, AF~ = AF~ = 0, which corresponds to
the constant-directional loading, and equations (7) reduce to

AF, = a~,

at r = a,

at r = a.

(20a)

(20b)

The value of~ may be calculated from the stress function <p given by equation (10),
and the boundary conditions

u, = Wcos nO at r = a,

at r = a.

(21a)

(21b)

Following the procedure outlined in [9]

-EmWcos nOr nZ -1 J
AF,=a:,= a(l+v

m
) l(1-2v

m
)(n+1)+n' (22)

Substitution of equations (8) and (22) into the shell equilibrium equations (1) leads to

(23)n ~ 2.

Z[nZ-1 (1 -vZ)(a)3Jn --+4K -- -
P 3 E h

Po (nZ-1)ul~r+1 +K l~V)~

For thin shells the quantity 1/12 (hla)Z may be neglected when compared to unity and

P

Po

Z[nZ-1 (1 -vZ)(a)3Jn --+4K -- -
3 E h

n ~ 2, (24)
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where

Em I 1 ]
K = 1+vm L(1-2vm)(n+ 1)+n .

(25)

Still another approximate formula can be derived if the initial surface tractions are
prescribed to act as a hydrostatic pressure, i.e. the traction vector on a deformed shell
element is specified to remain normal to the shell surface and to change magnitude in
proportion to the area change produced by deformation. Taking the values of ~F~,

~F~ for the case of a hydrostatic pressure from [2] and adding a':r at r = a, given by
equation (22)

~Fo = -E(V+nW)sinn/},
a

(26a)

(27)n ~ 2.

~Fr = - [~(nV +W) +~ (n2-l)wJ cos n/}. (26b)

Substitution of equations (26) into the shell equilibrium equations (1) leads to the formula

P _ n2
- 1 (1-v2)(a)3----+4K -- -

Po 3 E h

If the medium has a Poisson's ratio Vm = 0.5, equation (27) is identical to equation (19)
which is the solution for a bonded interface. Thus, for a medium with Vm = 0.50 the
additional shear stresses at the interface are negligible, i.e. the magnitude of (J~8 at r = a
is not large enough to influence the buckling pressure of the shell.

Examination of the exact buckling formula for the case of a bonded interface, equation
(16), provides an indication of the range of accuracy for the approximate formulae,
equations (24) and (27). The parameters L, M pertain to the changes in direction of the
initial surface tractions, while R, S pertain to the magnitude changes. The dominant
terms in equation (16) containing these parameters, as can be verified by direct substitution,
are the terms in the linear coefficient given by

4(~)2[(n2 _1)2 + n2R + n(L - S) + M].

Substitution of L, M, R, S for Vm = 0 into this expression gives

fa)21. 2 2 2n 2 1 2 ]
4\h L(n -1) +3(n -1)+3(n -1) ,

where the second term in the above bracket results from combining R, S and the third
from combining L, M. Then, if n is large as compared to 2/3, the approximate formulae
for the case of a smooth interface should yield accurate results.

7. NUMERICAL EXAMPLE

Values of the critical pressure and mode number are presented in Fig. 3 for E/Em = 104

and a/h ranging from 100 to 1000. As pointed out in the previous Section, when Vm = 0·50
the results for the bonded and smooth interfaces coincide. For vm = 0 results for the
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FIG. 3. Critical pressure versus radius to thickness ratio for E/Em = 104
, V = 0·30,

case of a smooth interface were calculated from the approximate equations (24) and (27)
and almost identical values were obtained from the two expressions, Also, since over
the range considered in Fig. 3 most wave numbers are large as compared to 2/3, the
approximate results for the case of a smooth interface should be reasonably accurate.
This estimated accuracy, as pointed out in Section 6, is based on a comparison with the
exact solution for the bonded interface.

The hoop stress corresponding to the critical pressure p must also be calculated to
ensure that the yield stress of the shell material is not exceeded. For a steel shell with a
radius to thickness ratio a/h = 100 and a surrounding elastic medium with the properties
E/Em = 104 , vm = 0,5, the buckling pressure is 420 psi and the corresponding hoop stress
is 42,000 psi. If Young's modulus for the medium is reduced to E/Em = 105

, the buckling
pressure is 89 psi and the corresponding hoop stress is 8920 psi.
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Zusammenfassung-Ein langer, dunner, kreisfiirmiger und zylindrischer Mantel steht unter einem uniformen
Druck, und zwar wird dieser von dem elastischen Umgebungsmedium ausgeubt. Die Gleichgewichtsstabilitat
des Mantels wird untersucht, indem die moglichen benachbarten Gleichgewichtszustande in Betracht gezogen
werden. Die durch das elastische Medium verursachte Beanspruchung des deformierten Mantels wird gefunden,
indem ein zugehoriges Grenzwertproblem der linearisierten Elastizitatstheorie beim Vorhandensein einer
anfanglichen Spannung gelost wird. Fur die Faile einer anhaftenden und einer glatten Zwischenflache werden
Ausdrucke abgeleitet, welche den kritischen Druck angeben.

A6CTp8KT-)l,JUlHHall, TOHKall, Kpyrnall l.\1IJ1I1H,LIplI'lCCKall 060JlO'lKa rrO,LIaeprHyTa paBHoMepHoMy BHeWH

eMy ,LIaBJleHIlIO, Bhl3BaHHOMY oKpYlKalOweii: yrrpyroit cpe,LIoii:. YCTOH'IIIBOCTh paBHoaeclIlI 060JlO'lKII

IICCJle,LIyeTclI rrOcpe,LICTBOM ,LIOrryweHlIlI B03MOlKHhlX COce,LIHIIX COCTOllHlIlt paBHOBeClIlI. HarpY3Ka, Bh13

BaHHall yrrpyroH Cpe,LIOH, Ha 060JlO'lKe B ,LIecP0pMllpoBaHHoM COCTOllHlI1I HaXO,LIIITClI rrocpe,LICTBOM aCCOl.\III1

pOBaHHoH rrp06J1eMhl rpaHII'IHOH BeJlII'lIlHhl JlIIHeltHo rrpeo6pa30BaHHolt Teopllll yrrpyrocTII B rrpllcyTcTBlI1I

Ha'laJlhHOrO HarrplllKeHlIlI. BhIBO,LIlITCJl BhlpalKeHlIlI, p,alOll.\lIe KpIlTII'ICCKOe ,LIaBJleHlle ,LIJllI cJly'laeB Cl.\err

JIeHIIJI II rJla,LIKOCTII rroaepXHOCTII pa3,LIeJla.


